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FUNCTIONAL COMPLETIONS OF ARCHIMEDEAN VECTOR
LATTICES
G. BUSKES AND C. SCHWANKE
Abstract. We study completions of Archimedean vector lattices relative to any nonempty
set of positively-homogeneous functions on finite-dimensional real vector spaces. Exam-
ples of such completions include square mean closed and geometric closed vector lattices,
amongst others. These functional completions also lead to a universal definition of the
complexification of any Archimedean vector lattice and a theory of tensor products and
powers of complex vector lattices in a companion paper.
1. Introduction
The current paper lays the foundation for a theory of polynomials on complex vector
lattices. Since recent development of polynomials on real vector lattices have required
a simultaneous use and development of the Fremlin tensor product (see [6], [7], [9]), we
first started to investigate the Fremlin tensor product C(X)⊗¯C(Y ) for compact Hausdorff
spaces X and Y and found in Theorem 4.11 of [10] that C(X)⊗¯C(Y ) + i(C(X)⊗¯C(Y ))
often cannot be equipped with a complex modulus as studied in [17], required for it to be a
complex vector lattice. Construction of a completion to add a modulus pointed itself as a
natural way to proceed. Surprisingly, though the use of complex vector lattices and complex
Banach lattices is more than half a century old, no description of complex vector lattices
as a completion exists in the literature. In fact, a development of the theory of complex
vector lattices has suffered from what appears an almost universal blanket assumption of
uniform completeness in order to have a modulus available.
As we studied an appropriate completion, we found a host of similar completions, which
we call functional completions, that are equally useful in applications to existing literature
in vector lattice theory. Indeed, for any continuous, positively-homogeneous, real-valued
function h on Rn one can define a functional calculus on any uniformly complete Riesz
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space. The smallest vector lattice in the uniform completion of an Archimedean vector
lattice E on which such a calculus can be defined will be called the h-completion of E.
One of these completions, associated with h(x, y) =
√
x2 + y2 is needed for the completion
connected with complex vector lattices mentioned above. However, the material that deals
with complex vector lattices, complexification of Archimedean vector lattices, and Fremlin
tensor products of complex vector lattices gradually separated itself off into a separate
companion paper [10].
In the current paper, we define the functional completions universally and for their con-
struction we need the uniform completion. However, we were unable to find in the literature
the exact construction of the uniform completion of an Archimedean vector lattice that is
most useful for this paper. Thus we develop the theory of uniform completions (Propo-
sition 3.2) as well and construct functional completions relative to any nonempty set of
continuous, positively-homogeneous, real-valued functions within these uniform comple-
tions (Theorem 3.18). Our uniform completion bridges (via an idea in a paper by Triki
[23]) Quinn’s uniform completion in [20] with Veksler’s uniform completion in [24].
The theory of functional completions itself clarifies and extends previous results in the
literature for very specific positively-homogeneous functions like the square mean and the
geometric mean (see, e.g., [3], Corollary 4.7, [2], Proposition 2.20, and Corollaries 3.9 and
3.10 in this paper) and forms a foundation for our treatment of complex vector lattices in
[10].
Finally, we connect the use of differential calculus as first seen in Theorem 4.2 of [4] by
Beukers, Huijsmans, and de Pagter to h-completions for convex or concave h. By doing
so in Theorem 3.8, we sharpen a special case of Kusraev’s Theorem 5.5 in [15] (while
keeping the structure of its proof largely intact) in three ways. We weaken the assumption
of uniform completeness, verify that the proof of Theorem 5.5 in [15] in our special case
does not (contrary to Kusraev’s proof) require more than the Countable Axiom of Choice,
and provide more concrete formulas that directly link to Lemmas 4.2 and 4.3 in [3]. As
indicated in the previous sentence, we keep this paper in the framework of [8] and [11] in
not using more than a modicum of the Axiom of Choice.
2. Preliminaries
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For all unexplained terminology about vector lattices we refer the reader to the standard
texts [1], [16], and [25]. Throughout, R stands for the set of real numbers while N stands
for the set of (nonzero) positive integers. For s ∈ N and sets A1, ..., As, we write ×sk=1Ak
for the Cartesian product A1 × · · · × As. In case that Ak = A for every k ∈ {1, ..., s} we
write ×sk=1Ak = As. For an Archimedean vector lattice E, we denote the positive cone
{f ∈ E : f ≥ 0} of E by E+ and we denote the Dedekind completion of E by Eδ.
Let E1, ..., Es, F be Archimedean vector lattices. We say that a map T : ×sk=1Ek → F
that is linear in each variable separately is s-linear. An s-linear map T : ×sk=1Ek → F is
called a vector lattice s-morphism if the map fk 7→ T (f1, ..., fk, ..., fs) (fk ∈ Ek) is a vector
lattice homomorphism for each k ∈ {1, ..., s} and for all fj ∈ E+j (j 6= k).
We will freely use functional calculus for Archimedean vector lattices (see [8]). We write
H(Rm) for the space of all continuous, real-valued functions h on Rm that are positively-
homogeneous, i.e. h(λx) = λh(x) for every λ ∈ R+ and all x ∈ Rm. The space of all
nonzero real-valued vector lattice homomorphisms on an Archimedean vector lattice E is
denoted by H(E). For an Archimedean vector lattice E and a nonempty subset A of E,
we denote by [A] the vector space generated by A in E and we denote by 〈A〉 the vector
sublattice generated by A in E. For an Archimedean vector lattice E, with a1, ..., am, b ∈ E
and h ∈ H(Rm), we write h(a1, ..., am) = b when h(ω(a1), ..., ω(am)) = ω(b) for every
ω ∈ H(〈a1, ..., am, b〉).
We remind the reader of the definition of the uniform completion of an Archimedean
vector lattice.
Definition 2.1. Given an Archimedean vector lattice E, a sequence (fn) in E is said
to converge relatively uniformly to f in E if there exists 0 < p ∈ E such that for every
ǫ > 0 there exists N ∈ N for which |fn − f | < ǫp for every n ≥ N . In this case, we write
fn
ru→ f . We call a sequence (fn) in E a relatively uniformly Cauchy sequence if there exists
0 < p ∈ E such that for every ǫ > 0 there exists N ∈ N for which |fm − fn| < ǫp for
every m,n ≥ N . If every relatively uniformly Cauchy sequence in E converges relatively
uniformly in E, we say that E is uniformly complete.
Note that in the above, there exists at most one f such that fn
ru→ f (see Theorem 16.2(i)
in [16]). There exist various ways of introducing uniform completions of Archimedean vector
lattices in the literature, (see [13], [20], and [24]). For our purposes, we choose the definition
by van Haandel in [13].
Definition 2.2. ([13], Definition 8.6) Given an Archimedean vector lattice E, we call a
pair (Eu, φ) a uniform completion of E if the following hold.
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(1) Eu is a uniformly complete Archimedean vector lattice.
(2) φ : E → Eu is an injective vector lattice homomorphism.
(3) For every uniformly complete Archimedean vector lattice F and for every vector
lattice homomorphism T : E → F there exists a unique vector lattice homomorphism
T u : Eu → F such that T u ◦ φ = T .
We will also use the following definition, which was introduced (with slightly different
notation) on page 85 of [16]. For an Archimedean vector lattice E and for A ⊆ E, we
define the pseudo uniform closure A¯ of A to be the set of all f ∈ E for which there exists
a sequence (fn) in A such that fn
ru→ f . We call A relatively uniformly closed if A¯ = A.
The relatively uniformly closed sets are the closed sets in the relatively uniform topology,
defined in [16].
Finally, we iterate the pseudo uniform closure of a nonempty subset L of E as follows
via transfinite induction.
A1 := A,
Aα := Aα−1 when α > 1 is not a limit ordinal, and
Aα :=
⋃
β<αAβ when α is a limit ordinal.
3. Completions
In this section we select certain intermediate vector lattices (see [20]) as completions of
Archimedean vector lattices via nonempty subsets of
⋃
m∈NH(Rm). In [10], we employ one
of these completions to complexify Archimedean vector lattices. Since [13] is somewhat
inaccessible and the proof of the existence of the uniform completion in [13] skips the use of
the iterated pseudo-closures, we provide a different proof. We start by extending positive
linear maps on vector sublattices of an Archimedean vector lattice to their pseudo-closures
as follows.
Proposition 3.1. Let L be a vector sublattice of an Archimedean vector lattice E. Then
the following hold.
(1) Lα is a vector sublattice of E for every ordinal α.
(2) Lω1 is relatively uniformly closed in E.
(3) If E is relatively uniformly complete then so is Lω1.
(4) L is dense in Lω1 in the relatively uniform topology.
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(5) For every uniformly complete Archimedean vector lattice F , every ordinal 1 ≤ α ≤
ω1, and every positive linear map T : L→ F there exists a unique positive linear map
Tα : Lα → F such that Tα|L = T . Moreover, if T is a vector lattice homomorphism
then so is Tα.
Proof. Statement (1) follows from transfinite induction and uses elementary calculus of
relatively uniformly convergent sequences, (see Theorem 16.2 of [16]). Part (2) is an imme-
diate consequence of the fact that every sequence in Lω1 resides in an Lα for some α < ω1,
and (3) follows directly from (2), whereas (4) follows directly from the definition of the
relatively uniform topology. To prove (5), let T : L → F be a positive linear map and
define T1 := T . Next, let 1 < α ≤ ω1 be an ordinal and assume that T can be uniquely
extended to a positive linear map Tβ : Lβ → F for every ordinal 1 ≤ β < α. Let f ∈ Lα.
Suppose that α is not a limit ordinal. There exists a relatively uniformly Cauchy sequence
(fn) in Lα−1 such that fn
ru→ f . Since Tα−1 is positive,
|Tα−1(g)| ≤ Tα−1(|g|) for all g ∈ Lα−1. (*)
Therefore (Tα−1(fn)) is a relatively uniformly Cauchy sequence in the uniformly complete
F . Hence there exists (a unique) h ∈ F such that Tα−1(fn) ru→ h. Define Tα : Lα → F by
Tα(f) = h. It follows from (*) that Tα is well-defined. If α is a limit ordinal then define
Tα(f) = Tβ(f) (f ∈ Lβ and β < α). By the induction hypothesis, Tα is well-defined.
It is readily checked by using elementary calculus of relatively uniformly convergent
sequences that Tα is a positive linear map for every ordinal 1 ≤ α ≤ ω1, and that Tα is
a vector lattice homomorphism if T is a vector lattice homomorphism. That Tα is indeed
the unique positive linear extension of T to Lα follows from uniform density and transfinite
induction. 
It is evident that a uniform completion, if it exists, is unique. We use the previous
proposition to prove that every Archimedean vector lattice has a uniform completion. The
reader should compare Proposition 3.2 with Theorem 3.3 of [23], where Triki deals with
Quinn’s definition of uniform completion (see [20]). A small adaptation of Theorem 3.3 of
[23] to vector lattice homomorphisms rather than positive linear maps shows, in effect, that
Quinn’s definition of uniform completion is equivalent to van Haandel’s definition above.
In addition, we now generalize Theorem 3.3 of [23] to multilinear maps.
Proposition 3.2. (1) If E is an Archimedean vector lattice then there exists a uniform
completion (Eu, φ) of E.
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(2) If E1, ..., Es, F are Archimedean vector lattices with F uniformly complete and
T : ×sk=1Ek → F is positive and s-linear then there exist injective vector lattice
homomorphisms φk : Ek → Euk (k ∈ {1, ...s}) as well as a unique positive s-linear
map T u : ×sk=1Euk → F such that T u(φ1(f1), ..., φs(fs)) = T (f1, ..., fs) for every
(f1, ..., fs) ∈ ×sk=1Ek. Moreover, if T is a vector lattice s-morphism then so is T u.
Proof. (1) Assume that E and F are Archimedean vector lattices. The natural embedding
φ of E into Eδ yields an injective vector lattice homomorphism. Define
Eu := φ(E)ω1 .
Since φ(E) ⊆ Eu, we may consider φ as a map from E to Eu. Let T : E → F be a positive
linear map. Then the map T˜ : φ(E) → F defined by T˜ (φ(f)) = T (f) is also a positive
linear map, and if T is a vector lattice homomorphism then so T˜ . By (5) of Proposition
3.1, there exists a unique positive linear extension T˜ω1 : E
u → F of T˜ , and if T˜ is a vector
lattice homomorphism then so is T˜ω1 . Also, T˜ω1 ◦ φ = T .
(2) Let E1, ..., Es, F be Archimedean vector lattices. For each k ∈ {1, ..., s}, let φk be
the natural embedding of E into Eδ, considered as a map from Ek to φk(E). Define
Euk := φk(Ek)ω1
for each k ∈ {1, ..., s}. Suppose T : ×sk=1Ek → F be a positive s-linear map and consider
T to be a map from ×sk=1φk(Ek) to F by identifying φk(fk) with fk for all fk ∈ Ek (k ∈
{1, ..., s}). For every gk ∈ E+k (k ∈ {2, ..., s}) we define
Tg2,...,gs(x) = T (x, g2, ..., gs) (x ∈ E1).
By (5) in Proposition 3.1, there exists a unique positive linear map T ug2,...,gs : E
u
1 → F
such that T ug2,...,gs(x) = Tg2,...,gs(x) (x ∈ E1). Moreover, if Tg2,...,gs is a vector lattice
homomorphism then so is T ug2,...,gs. Next, define
T+(g1, ..., gs) = T
u
g2,...,gs
(g1) (g1 ∈ Eu1 and gk ∈ E+k (k ∈ {2, ..., s}))
Let j ∈ {2, ..., s} and let gj, g′j ∈ E+j . Since T ug2,...gj+g′j ,...,gs and T
u
g2,...gj,...,gs
+ T u
g2,...g
′
j,...,gs
are both positive linear extensions of Tg2,...,gj+g′j ,...,gs from E
u
1 to F , it follows from the
uniqueness of such extensions that T u
g2,...gj+g′j ,...,gs
= T ug2,...gj,...,gs + T
u
g2,...g
′
j
,...,gs
. Therefore,
T+ is additive in each variable separately. By routine reasoning, T+ extends to a positive
s-linear map from Eu1 ×E2×· · ·×Es to F which is a vector lattice s-morphism in case T is
a vector lattice s-morphism. By repeating this argument for the remaining s− 1 variables,
we obtain the desired result. 
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Next, we introduce completions of Archimedean vector lattices that are induced by
nonempty subsets of
⋃
m∈NH(Rm).
Definition 3.3. For an Archimedean vector lattice E and for h ∈ H(Rm), we say that E is
h-complete if for every a1, ..., am ∈ E there exists b ∈ E such that h(a1, ..., am) = b. For a
subset D of ⋃m∈NH(Rm), we say that E is D-complete if E is h-complete for every h ∈ D.
The Stolarsky and Gini means (see [22], respectively [18]) are well-studied examples of
elements of H(R2). Though they are typically defined on (0,∞)2, but can be extended
continuously to all of R2 as follows.
Example 3.4. For real numbers r 6= s and s 6= 0, define
µr,s(x, y) =
{ ( r(|x|s−|y|s)
s(|x|r−|y|r)
) 1
s−r if x 6= y
|x| if x = y
for x, y ∈ R. We call µr,s the (r, s)-Stolarsky mean. Particularly, µ2,4(x, y) =
√
|x|2+|y|2
2
for x, y ∈ R and µ1,−1(x, y) =
√
|xy| for x, y ∈ R. We call µ2,4 the square mean and µ1,−1
the geometric mean.
Example 3.5. For real numbers r 6= s, define
νr,s(x, y) =
{ ( |x|s+|y|s
|x|r+|y|r
) 1
s−r if (x, y) 6= (0, 0)
0 if (x, y) = (0, 0)
for x, y ∈ R. We call νr,s the (r, s)-Gini mean.
In order to complexify Archimedean vector lattices via functional completions, we connect
functional calculus to the modulus formula
|f + ig| = sup{f cos θ + g sin θ : θ ∈ [0, 2π]}
for complex vector lattices, (see, e.g, Section 91 of [25]). Following the idea to use tangents
by Beukers, Huijsmans, and de Pagter in Theorem 4.2 of [4], we identify elements of an
Archimedean vector lattice E of the form h(a1, ..., am) (a1, ..., am ∈ E+) for convex or
concave h ∈ H(Rm) with elements of E that are defined via differential calculus. To this
end, we need some notations.
Notations 3.6. Let E be an Archimedean vector lattice. The Euclidean norm on Rm is
denoted by || ||. For h ∈ H(Rm) we set
∆h = {c ∈ (R+)m : h is differentiable at c and ||c|| = 1}.
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For h ∈ H(Rm), c ∈ ∆h, and a := (a1, ..., am) ∈ Em we define ∇h(c) · a :=
m∑
k=1
∂h(c)
∂xk
ak.
For a1, ..., am ∈ E+ (m ≥ 2), and for θ = (θ1, ..., θm−1) ∈ [0, π]m−1 we define
sθ(a1, ..., am) :=
cos θ1a1 +
m−2∑
k=2
(k−1∏
j=1
sin θj
)
cos θkak +
(m−2∏
j=1
sin θj
)
cos θm−1am−1 +
(m−1∏
j=1
sin θj
)
am,
where
m−2∑
k=2
(k−1∏
j=1
sin θj
)
cos θk is taken to equal zero for m ∈ {2, 3}, and
(m−2∏
j=1
sin θj
)
cos θm−1
is taken to equal zero for m = 2. For short, we denote sθ(e1, ..., em) by sθ, where ek is the
kth element of the standard orthonormal basis of Rm. Finally, for n ∈ N we also set
Pn = {( l1π
2n+1
, ...,
lm−1π
2n+1
) : l1, ..., lm−1 ∈ {1, ..., 2n}}.
In Theorem 3.8, we give, as described in the introduction, a sharpening of a special case
of Theorem 5.5 in [15]. We need the following lemma. Parts (1) and (2) are known, and
part (3) may also be known, but we were unable to find a reference.
Lemma 3.7. Let h ∈ H(Rm) be convex (respectively, concave) on (R+)m. Then
(1) h is differentiable almost everywhere with respect to Lebesgue measure on (0,∞)m.
(2) If h is differentiable at x ∈ Rm then ∇h(λx) = ∇h(x) for every 0 < λ ∈ R.
(3) h(x) = sup{∇h(c) · x : c ∈ ∆h} for every x ∈ (R+)m, (respectively, h(x) =
inf{∇h(c) · x : c ∈ ∆h} for every x ∈ (R+)m).
Proof. (1) By Exercise 1.17 in [19], which follows from Radamacher’s Theorem (also see
Exercise 1.18 in [19]), h is differentiable on (0,∞)m outside a set of Lebesgue measure zero.
(2) Follows directly from the positive homogeneity of h.
(3) Suppose that h is convex on (R+)m. It follows from Euler’s Homogeneous Function
Theorem (for instance, Exercise 2-34 in [21]) that ∇h(c) · c = h(c) whenever c ∈ Rm and
h is differentiable at c. From this observation as well as the convexity of h, we obtain
h(x) = sup{∇h(c) · x : c ∈ ∆h}
for every x ∈ (R+)m where h is differentiable, as well as ∇h(c) ·x ≤ h(x ) for every c ∈ ∆h
and for every x ∈ (R+)m. Suppose that h is not differentiable at b ∈ (R+)m, and let ǫ > 0.
We just need to show that there exists c ∈ ∆h such that h(b) − ∇h(c) · b < ǫ. To this
end, we note that since h is continuous, there exists δ1 > 0 such that ||h(c)− h(b)|| < ǫ/2
whenever ||c − b || < δ1. Since h is convex and continuous, it is locally Lipschitz (see
[19], Proposition 1.6). Let Bδ2(b) = {x ∈ (R+)m : ||x − b|| < δ2} be a neighborhood
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of b where h is Lipschitz, say with Lipschitz constant M . Then each partial derivative
satisfies |∂h(c)
∂xk
| ≤ M for every c ∈ Bδ2(b) where h is differentiable. Furthermore, there
exists δ3 > 0 such that if ||c − b || < δ3 then
∑m
k=1 |ck − cxk | < ǫ2mM . In this case we have
||∇h(c) · c − ∇h(c) · b|| = ||∇h(c) · (c − b)|| ≤ mM∑mk=1 |ck − cxk | < ǫ/2. Since h is
differentiable almost everywhere on (0,∞)m, we may choose c ∈ ∆h and 0 < λ ∈ R such
that ||λc − b|| < δ1 ∧ δ2 ∧ δ3. Then using part (2) and the identity ∇h(c) · c = h(c) for
c ∈ Rm where h is differentiable,
||h(b)−∇h(c) · b || = ||h(b)− h(λc) +∇h(c) · λc −∇h(c) · b||
≤ ||h(b)− h(λc)||+ ||∇h(c) · λc −∇h(c) · b||
< ǫ/2 + ǫ/2 = ǫ.
The case where h is concave on (R+)m is handled in a similar manner. 
We now turn to the result promised before Lemma 3.7.
Theorem 3.8. Let E be an Archimedean vector lattice, let h ∈ H(Rm), and let a1, ..., am ∈
E+.
(1) If h is convex (respectively, concave) on (R+)m then h(a1, ..., am) = b for some
b ∈ E if and only if b = E- sup{∇h(c) ·a : c ∈ ∆h} (respectively, b = E- inf{∇h(c) ·
a : c ∈ ∆h}).
(2) If h is convex (respectively, concave), and if m ≥ 2, and if all the partial derivatives
of h are uniformly continuous on {sθ : θ ∈
⋃
n∈N Pn} then the sequence
(
sup{∇h(sθ)·
a : θ ∈ Pn}
)
(respectively, the sequence
(
inf{∇h(sθ) · a : θ ∈ Pn}
)
) converges
relatively uniformly to h(a1, ..., am).
Proof. (1) Let a = (a1, ..., am) ∈ Em and write A = {∇h(c) · a : c ∈ ∆h}. Suppose
that E-supA exists in E. To prove that E-supA = h(a1, ..., am) we need to prove that
h(ω(a1), ..., ω(am)) = ω(E- supA) for every ω in a point separating subset of H(L), where
L := 〈a1, ..., am, E- supA〉 (see Lemma 3.3 of [8]). To this end, we note that there exists
a metrizable space Y , an order-dense vector sublattice F of C(Y ), and a vector lattice
isomorphism φ : L→ F (see [11], (ii) on page 526 and Theorem 2.4(i)). Consequently, we
can take the point separating set of the previous sentence to be the set of all compositions
of point evaluations yˆ (y ∈ Y ) with φ. Moreover, F -supφ(A) = C(Y )-supφ(A) (see [14],
Lemma 13.21(i)). Since φ is an isomorphism and since E-supA ∈ L we have
φ(E- supA) = φ(L- supA) = F - supφ(A) = C(Y )- supφ(A).
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Define b(y) = h(φ(a1)(y), ..., φ(am)(y)) (y ∈ Y ). Then b ∈ C(Y ). Since a1, ..., am ∈ E+ we
have φ(ak) ∈ C(Y )+ (k ∈ {1, ...,m}). From Lemma 3.7(3) above,
b(y) = sup
{ m∑
k=1
∂h(c)
∂xk
φ(ak)(y) : c ∈ ∆h
}
for every y ∈ Y . Therefore b = C(Y )- supφ(A), and thus b = φ(E- supA). Moreover,
yˆ(φ(E- supA)) = b(y) = h(φ(a1)(y), ..., φ(am)(y)) = h(yˆ(φ(a1)), ..., yˆ(φ(am))).
for every y ∈ Y . Thus h(a1, ..., am) = E- supA.
Conversely, suppose h(a1, ..., am) = b for some b ∈ E, and let c ∈ ∆h. Lemma 3.7(3)
implies that ∂h(c)
∂xk
≤ h(ek) for every k ∈ {1, ...,m}, and thus
m∑
k=1
∂h(c)
∂xk
ak ≤
m∑
k=1
h(ek)ak.
Then A is bounded above and hence Eδ-supA exists in Eδ. Then h(a1, .., am) = E
δ-supA,
and since h(a1, ..., am) ∈ E, we have Eδ- supA = E- supA.
(2) Assume that m ≥ 2 and that all the partial derivatives of h exist and are uniformly
continuous on {sθ : θ ∈
⋃
n∈N Pn}. It follows from [5] that d = sθ for some θ ∈ [0, π]m−2 ×
[0, 2π] (θ ∈ [0, 2π], for m = 2) whenever d ∈ Rm and ||d || = 1. In particular, if d ∈ (R+)m
and ||d || = 1 then d = sθ for some θ ∈ [0, π2 ]m−1. Moreover, a standard induction argument
verifies that ||sθ|| = 1 for every θ ∈ [0, π2 ]m−1. Evidently, the sequence (σn) defined by
σn = sup{∇h(sθ) · a : θ ∈ Pn} for n ∈ N is increasing and sup{σn : n ∈ N} = h(a1, ..., am).
Let r, n ∈ N and assume r < n. For every j ∈ {1, ...,m − 1}, set Ij =
[
(lj−1)π
2r+1
,
ljπ
2r+1
]
. By
Exercise 91.10 in [25],
| sup{∇h(sθ) · a : θ ∈ Pn} − sup{∇h(sφ) · a : φ ∈ Pr}|
≤ sup{|∇h(sθ − s(φ)) · a | : φ ∈ Pr, θ ∈ ×m−1j=1 Ij}
≤ sup{|∇h(sθ − sφ)| · |a | : φ ∈ Pr, θ ∈ ×m−1j=1 Ij}.
Note that ||φ − θ|| ≤ √m− 1 π2r+1 for every φ ∈ Pr and every θ ∈ ×m−1j=1 Ij. Thus, given
ǫ > 0 we have for sufficiently large r that
sup{|∇h(sθ − sφ)| · |a | : φ ∈ Pr, θ ∈ ×m−1j=1 Ij} ≤ ǫ
m∑
k=1
|ak|.
From here it is straightforward to show that σn
ru→ h(a1, ..., am). The proof of the concave
case is similar. 
In particular, the last part of Theorem 3.8 holds for all the pth power means, where the
pth power mean is the Stolarsky mean µp,2p (p ∈ N). Indeed, all of the pth power means
are continuously differentiable on the compact set {sθ : θ ∈ [0, π2 ]m−1}.
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Two special cases of Theorem 3.8 follow as corollaries.
Corollary 3.9. Let m ∈ N \ {1}. Define h(x1, ..., xm) =
( m∑
k=1
x2k
) 1
2
(x1, ..., xm ∈ R), and
let E be an h-complete Archimedean vector lattice. Then for every a1, ..., am ∈ E+ we have
h(a1, ..., am) = sup{sθ(a1, ..., am) : θ ∈ [0, π
2
]m−1}.
Proof. Evidently, h is a member of H(Rm) and h is convex on (R+)m. Also, ∆h = {c ∈
(R+)m : ||c|| = 1}. Thus for a1, ..., am ∈ E+ we have from Theorem 3.8 that
h(a1, ..., am) = sup
{ m∑
k=1
ck√
c21 + · · ·+ c2m
ak : c ∈ (R+)m, ||c|| = 1
}
= sup
{ m∑
k=1
dkak : d ∈ (R+)m, ||d || = 1
}
= sup{sθ(a1, ..., am) : θ ∈ [0, π
2
]m−1}.

Corollary 3.10. Define h(x1, ..., xm) = m
( m∏
k=1
|xk|
) 1
m
(x1, ..., xm ∈ R), and let E be an
h-complete Archimedean vector lattice. Also let a1, ..., am ∈ E+. Then
h(a1, ..., am) = inf{θ1a1 + · · · + θmam : θ1, ..., θm ∈ (0,∞), θ1 · · · θm = 1}.
Proof. Note that h is a member of H(Rm) that is concave on (R+)m. Observe that ∆h =
{c ∈ (0,∞)m : ||c|| = 1}. It follows from Theorem 3.8 that
h(a1, ..., am) = inf
{ m∑
k=1
c1 · · · cˆk · · · cm
(c1 · · · cm)
m−1
m
ak : c ∈ (0,∞)m, ||c|| = 1
}
= inf{θ1a1 + · · · + θmam : θ1, ..., θm ∈ (0,∞), θ1 · · · θm = 1}.

In Remark 4 of [2], Azouzi constructs a vector lattice that he calls the square mean
closure of a given Archimedean vector lattice inside its Dedekind completion. Although
Azouzi does not mention functional calculus, it turns out that his square mean closure is
with respect to µ2,4 in Example 3.4. Indeed, Azouzi calls an Archimedean vector lattice E
square mean closed if
f ⊞ g := sup{f cos θ + g sin θ : θ ∈ [0, 2π]}
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exists in E for every f, g ∈ E+. Thus, for an Archimedean vector lattice E we have
µ2,4(f, g) =
1√
2
(f ⊞ g) for every f, g ∈ E+ (Corollary 3.9, with m = 2). Evidently,
µ2,4(x, y) = µ2,4(|x|, |y|) (x, y ∈ R) and f ⊞ g = |f |⊞ |g| (f, g ∈ E), provided that |f |⊞ |g|
exists in E. Thus an Archimedean vector lattice E is µ2,4-complete if and only if E is square
mean closed, in which case µ2,4(f, g) =
1√
2
(f ⊞ g) for every f, g ∈ E. Therefore, in a way,
Theorem 3.8(2) generalizes the Beukers-Huijsmans-de Pagter circle approximation theorem
(see section 2 of [4]) for the existence of a modulus in the vector space complexification of
a uniformly complete Archimedean vector lattice, which was later reformulated in Lemma
2.8 of [2] for square mean closed Archimedean real vector lattices. Indeed, Lemma 2.8 of [2]
could be stated in terms of µ2,4, which is then generalized to all µp,2p in Theorem 3.8(2).
The authors of [3] call an Archimedean vector lattice E geometric mean closed if
f ⊠ g :=
1
2
inf{θf + θ−1g : θ ∈ (0,∞)}
exists in E for every f, g ∈ E+. For an Archimedean vector lattice E we have µ1,−1(f, g) =
f ⊠ g for every f, g ∈ E+ (Corollary 3.10, with m = 2).
We expand on Azouzi’s idea of a square mean closure by completing Archimedean vector
latices with respect to any nonempty subset of
⋃
m∈NH(Rm).
Definition 3.11. For D ⊆ ⋃m∈NH(Rm) (D 6= ∅) and an Archimedean vector lattice E,
we call a pair (ED, φ) a D-completion of E if the following hold.
(1) ED is a D-complete Archimedean vector lattice.
(2) φ : E → ED is an injective vector lattice homomorphism.
(3) For every D-complete Archimedean vector lattice F and for every vector lattice
homomorphism T : E → F there exists a unique vector lattice homomorphism
TD : ED → F such that TD ◦ φ = T .
Given h ∈ H(Rm), we denote a space that satisfies (1)-(3) above for D = {h} by Eh, and
we call Eh an h-completion of E. We also refer to D-completions as functional completions
when the specificity of the set D is not present.
We will prove the existence and uniqueness of theD-completion of an Archimedean vector
lattice for which we need several prerequisite results. The first of these, in a way, captures
the idea of functional calculus (see [8]) via a property of vector lattice homomorphisms. We
note that a proof of the first part of the theorem can be found in Proposition 3.6 of [15] for
uniformly complete vector lattices, and for D = ⋃m∈NH(Rm). For convenience, we write
δ(h) instead of m when h ∈ H(Rm).
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Theorem 3.12. If E and F are D-complete Archimedean vector lattices, where D ⊆⋃
m∈NH(Rm) and D is nonempty, and T : E → F is a vector lattice homomorphism then
T (h(a1, ..., aδ(h))) = h(T (a1), ..., T (aδ(h)))
for every h ∈ D and for every a1, ..., aδ(h) ∈ E. Moreover, if there exists h ∈ D such
that h(ǫ1x, ..., ǫδ(h)x) = λ|x| (x ∈ R) for some ǫ1, ..., ǫδ(h) ∈ R and some λ ∈ R \ {0} then
every linear map S : E → F such that S(h(a1, ..., aδ(h))) = h(S(a1), ..., S(aδ(h))) for every
a1, ..., aδ(h) ∈ E is a vector lattice homomorphism.
Proof. Let D ⊆ ⋃m∈NH(Rm), let E and F be D-complete Archimedean vector lattices, and
let T : E → F be a vector lattice homomorphism. Let h ∈ D and let a1, ..., aδ(h) ∈ E. Define
G1 :=
〈
a1, ..., aδ(h), h(a1, ..., aδ(h))
〉
and G2 :=
〈
T (a1), ..., T (aδ(h)), T (h(a1, ..., aδ(h)))
〉
. Let
ω ∈ H(G2). Since E and F are h-complete and ω ◦ T |G1 ∈ H(G1), we have
h(ω(T (a1)), ..., ω(T (aδ(h)))) = ω ◦ T (h(a1, ..., aδ(h))).
Then
h(T (a1), ..., T (aδ(h))) = T (h(a1, ..., aδ(h))).
Conversely, suppose that there exist ǫ1, ..., ǫδ(h) ∈ R and λ ∈ R \ {0} such that for every
x ∈ R we have that h(ǫ1x, ..., ǫδ(h)x) = λ|x|. Let S : E → F be a linear map such that
S(h(a1, ..., aδ(h))) = h(S(a1), ..., S(aδ(h))) for every a1, ..., aδ(h) ∈ E, and let a ∈ E. Also let
ω ∈ H(〈a〉). Then h(ω(ǫ1a), ..., ω(ǫma)) = h(ǫ1ω(a), ..., ǫmω(a)) = λ|ω(a)| = ω(λ|a|), and
thus h(ǫ1a, ..., ǫδ(h)a) = λ|a|. Similarly, h(S(ǫ1a), ..., S(ǫδ(h)a)) = λ|S(a)|. Hence
S(λ|a|) = S(h(ǫ1a, ..., ǫδ(h)a)) = h(S(ǫ1a), ..., S(ǫδ(h)a)) = λ|S(a)|.
Then S(|a|) = |S(a)| since λ 6= 0 and S is linear. 
As a particular case of theorem above, suppose that E and F are h-complete Archimedean
vector lattices for some Stolarsky mean or Gini mean h. Then a linear map T : E → F is
a vector lattice homomorphism if and only if T (h(f, g)) = h(T (f), T (g)) for every f, g ∈ E.
Thus Theorem 3.12 generalizes a result by Azouzi, Boulabiar, and the first author in [3],
as well as a proposition of Azouzi in [2]. We point out that Corollary 3.13 below is a
generalization of Lemma 4.3 in [3] and corrects a mistake (first noted in [12]) in its proof.
For the proof of Corollary 3.13, respectively Corollary 3.14, apply Corollary 3.9, respectively
Corollary 3.10, and Theorem 3.12.
Corollary 3.13. ([3], Corollary 4.7) For square mean complete Archimedean vector lattices
E and F and a linear map T : E → F , the following are equivalent.
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(1) T is a vector lattice homomorphism.
(2) T (f ⊞ g) = T (f)⊞ T (g) for every f, g ∈ E+.
Corollary 3.14. ([2], Proposition 2.20) For geometric mean complete Archimedean vector
lattices E and F and a linear map T : E → F , the following are equivalent.
(1) T is a vector lattice homomorphism.
(2) T (f ⊠ g) = T (f)⊠ T (g) for every f, g ∈ E+.
The following theorem is needed for our construction of functional completions.
Theorem 3.15. ([8], Theorem 3.7) A uniformly complete Archimedean vector lattice E is⋃
m∈NH(Rm)-complete.
We remind the reader that h ∈ H(Rm) is positive if h(x1, ..., xm) ∈ R+ for every
x1, ..., xm ∈ R+. If h(x1, ..., xm) = h(|x1|, ..., |xm|) for every x1, ..., xm ∈ R, we call h
absolutely invariant. We denote the set of all h ∈ H(Rm) that are positive and abso-
lutely invariant by H+| |(Rm). Examples of such functions include the Stolarsky and Gini
means from Examples 3.4 and 3.5. We first manufacture a D-completion ED of E for any
Archimedean vector lattice E. That this is indeed the D-completion will subsequently be
proved. Thus let E be an Archimedean vector lattice and assume that D ⊆ ⋃m∈NH(Rm)
is nonempty. Let (Eu, φ) be the uniform completion of E. Following the lead of Azouzi in
Remark 4 of [2], define
E1 := φ(E), and for every n ∈ N,
En+1 :=
〈
En ∪ {h(a1, ..., aδ(h)) : h ∈ D, a1, ..., aδ(h) ∈ En}
〉
,
where the latter is the vector lattice generated in Eu. We define
ED :=
⋃
n∈N
En.
The following proposition is immediate.
Proposition 3.16. ED is D-complete.
By using Proposition 3.2(2) one can, alternatively to the definition of D-completion,
replace the homomorphisms in that definition by positive maps if the range space is required
to be uniformly complete. This is the content of the next proposition.
Proposition 3.17. Let E1, ..., Es, F be Archimedean vector lattices with F uniformly com-
plete. Let D be a nonempty subset of ⋃m∈NH(Rm). If T : ×sk=1Ek → F is a positive
s-linear map then there exists a unique positive s-linear map TD : ×sk=1EDk → F such that
TD ◦ φ = T .
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We prove that ED is the D-completion of E by proving more, involving multilinear maps,
as follows.
Theorem 3.18. Let E1, ..., Es, F be Archimedean vector lattices and assume that F is
D-complete (D ⊆ ⋃m∈NH(Rm), D 6= ∅). Also let T : ×sk=1Ek → F be a vector lattice
s-morphism. Denoting, for every k ∈ {1, ..., s}, the natural embedding of Ek into Euk by φk,
the following hold.
(1) If all elements of D are absolutely invariant then there exists a unique vector lattice
s-homomorphism TD : ×sk=1EDk → F such that
TD(φ1(f1), ..., φs(fs)) = T (f1, ..., fs)
for every fk ∈ Ek (k ∈ {1, ..., s}).
(2) If s = 1 then statement (1) holds for all nonempty D ⊆ ⋃m∈NH(Rm).
Proof. We will prove statement (1) and (2) simultaneously, since the absolute invariance
of elements of D is not used in our proof of (1) in case s = 1. Let D ⊆ ⋃m∈NH+| |(Rm)
be nonempty and let E1, ..., Es, F be Archimedean vector lattices. Let T : ×sk=1Ek → F
be a vector lattice s-morphism and assume j ∈ {1, ..., s}. Then EDj , as defined preceding
Proposition 3.16, is a D-complete Archimedean vector lattice and we denote the natural
embedding into the uniform completion of Ej by φj . Clearly φj(Ej) ⊆ EDj and φj is an
injective vector lattice homomorphism from Ej into E
D
j . We prove that there exists a
unique vector lattice s-morphism TD : ×sk=1EDk → F such that TD(φ1(f1), ..., φs(fs)) =
T (f1, ..., fs) for every fk ∈ Ek (k ∈ {1, ..., s}). We consider T to be a vector lattice s-
morphism from ×sk=1Ek to F u. By Proposition 3.2(2) there exists a unique vector lattice
s-morphism T u : ×sk=1Euk → F u such that T u(φ1(f1), ..., φs(fs)) = T (f1, ..., fs) for every
fk ∈ Ek (k ∈ {1, ..., s}). Define TD := T u|×s
k=1
ED
k
. To prove that TD(×sk=1EDk ) ⊆ F ,
we write Ek,n for (Ek)n, where (Ek)n is defined as preceding Proposition 3.16, and we
use induction with respect to n. Again for convenience, we write δ(h) instead of m when
h ∈ H(Rm).
Obviously TD(×sk=1Ek,1) ⊆ F . Let n ∈ N and suppose that TD(×sk=1Ek,n) ⊆ F . Let
h1, ..., hs ∈ D and let ak1 , ..., akδ(hk) ∈ Ek,n (k ∈ {1, ..., s}). Write
x = TD
(
h1(a
1
1, ..., a
1
δ(h1)
), ..., hs(a
s
1, ..., a
s
δ(hs)
)
)
.
Since hk is absolutely invariant for each k ∈ {1, ..., s} we may assume that ak1 , ..., akδ(hk) ∈
E+k,n (k ∈ {1, ..., s}). Given an Archimedean vector lattice E and a nonempty subset A of
E, and h ∈ H(Rm), define h(A) := {f ∈ E : f = h(a1, ..., am) for some a1, ..., am ∈ A}.
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Then x ∈ TD(h1(E+1,n)× · · · × hs(E+s,n)). By repeatedly employing Theorem 3.12, we have
x ∈ h1
((
TD(E+1,n × h2(E+2,n)× · · · × hs(E+s,n))
)δ(h1))
⊆ h1
((
h2
((
TD(E+1,n × E+2,n × h3(E+3,n)× · · · × hs(E+s,n))
)δ(h2)))δ(h1))
⊆ h1
((
. . . hs−1
((
hs
((
TD(E+1,n × · · · × E+s,n)
)δ(hs)))δ(hs−1)) . . .
)δ(h1))
⊆ F,
where the last inclusion follows from the induction hypothesis and the assumption that F
is D-complete. Moreover, from the s-linearity of TD,
TD(×sk=1[Ek,n
⋃
{h(ak1 , ..., akδ(h)) : h ∈ D, ak1 , ..., akδ(h) ∈ Ek,n}]) ⊆ F.
By Exercise 4.1.8 in [1], every element of E+k,n+1 can be expressed as
pk∧
j=1
qk∨
l=1
uk,j,l for some
uk,j,l ∈ [Ek,n
⋃{h(ak1 , ..., akδ(h)) : h ∈ D, ak1 , ..., akδ(h) ∈ Ek,n}]. Moreover, we may assume
that each uk,j,l is positive. Since T
D is a vector lattice s-morphism,
TD(
p1∧
j=1
q1∨
l=1
u1,j,l, ...,
ps∧
j=1
qs∨
l=1
us,j,l) =
p1∧
j=1
q1∨
l=1
· · ·
ps∧
j=1
qs∨
l=1
TD(u1,j,l, ..., us,j,l)
for every uk,j,l ∈ E+k,n+1. Since TD(u1,j,l, ..., us,j,l) ∈ F for each j and each l, it follows that
p1∧
j=1
q1∨
l=1
· · ·
ps∧
j=1
qs∨
l=1
TD(u1,j,l, ..., us,j,l) ∈ F,
and hence TD(×sk=1E+k,n+1) ⊆ F . Then also TD(×sk=1Ek,n+1) ⊆ F because TD is s-linear.
This completes the proof. 
Corollary 3.19. Let E be an Archimedean vector lattice and let D ⊆ ⋃m∈NH(Rm) be
nonempty. Then ED with the natural embedding from E into ED is the unique D-completion
of E.
Proof. Let E be an Archimedean vector lattice and let D ⊆ ⋃m∈NH(Rm) (D 6= ∅). We
proved in the previous theorem that ED with the natural embedding from E into ED is a
D-completion of E. Next, we prove the uniqueness of ED. Suppose (ED1 , φ1) and (ED2 , φ2)
are D-completions of E. Since φ1 : E → ED1 is a vector lattice homomorphism, there exists
a unique vector lattice homomorphism φD1 : E
D
2 → ED1 such that φD1 ◦ φ2 = φ1. Likewise,
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there exists a unique vector lattice homomorphism φD2 : E
D
1 → ED2 such that φD2 ◦ φ1 = φ2.
Then we have φD2 ◦ φD1 ◦ φ2 = φD2 ◦ φ1 = φ2. Thus φD2 ◦ φD1 = I. Similarly, φD1 ◦ φD2 = I. 
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